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Abstract 

In this paper we study some new theories of characteristic homol- 
ogy classes of singular complex algebraic varieties. First we introduce 
a natural transformation Ty : Ko{var /X) — > H*{X) ® Q[j/] commuting 
with proper pushdown, which generalizes the corresponding Hirzebruch 
characteristic. Here Koiyar / X) is the relative Grothendieck group of 
complex algebraic varieties over X as introduced and studied by Looi- 
jenga and Bittner in relation to motivic integration. Ty is a homology 
class version of the motivic measure corresponding to a suitable spe- 
cialization of the well known Hodge polynomial. This transformation 
unifies the Chern class transformation of MacPherson and Schwartz (for 
y = —1) and the Todd class transformation in the singular Riemann- 
Roch theorem of Baum-Fulton-MacPherson (for y = Q). In fact, Ty 
is the composition of a generalized version of this Todd class transfor- 
mation due to Yokura, and a new motivic Chern class transformation 
mCt : Ko{var / X) Go{X) (gi Z[y], which generalizes the total A-class 
\yT*X of the cotangent bundle to singular spaces. Here Go{X) is the 
Grothendieck group of coherent sheaves, and the construction of mC, is 
based on some results from the theory of algebraic mixed Hodge modules 
due to M.Saito. In the final part of the paper we use the algebraic cobor- 
dism theory fi» of Levine and Morel to lift mC* further up to a natural 
transformation mC* : Ko{var/X) — > Q,{X) (gjj^^ 'Z[y,y~^], where the last 
theory is a suitable universal oriented Borel- Moore weak homology theory. 
Moreover, all our results can be extended to varieties over a base field k 
embeddable into C. 



Introduction 



In this paper we study some new theories of characteristic homology classes of 
a singular algebraic variety X defined over a base field k embeddable into C. 
Let KQ{var / X) be the relative Grothendieck group of algebraic varieties over 
X as introduced and studied by Looijenga |Lo| and Bittner [Ei] in relation to 
motivic integration. 
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We introduce characteristic homomology class transformations on Ko{var / X) 
filling in the vertical maps in the following commutative diagram: 

Ko{var/X) = Ko{var/X) = 
n4X)®j^_^Z[y,y-'] Go{X)^Z[y,y-^] > 



Koivar/X) = Ko{var/X) 



Ti 



rr fv\^. m!.. .-11 V—^ 



H.4X)(g>Q[y,y-^] > H,{X)®Q, 

Here lu^ comes from the universal property of the oriented Borel-Moore weak 
homology theory Q^{X) Z[y,y~^] |LMI ILoe!j . and is the general- 

ization given by Yokura jY4j of the Todd class transformation id* used in the 
singular Riemann-Roch theorem of Baum-Fulton-MacPherson jBFMI IFM| (for 
Borel-Moore homology) or Fulton 'Ful" (for Chow groups). 

All our transformation commute with proper (or projective) pushdown (in 
the case of mC'^), and are uniquely determined by this property together with 
the following normalization conditions for X smooth and pure d-dimensional: 

• mC'^,{[idx]) — Xy{T*X) ■ [X], with [X] the fundamental class and Aj, a 
suitable total A-class for this context (as defined in the last section). 

• mC^{[idx]) = 'ZLo [A''T*X] • y' = Xy{[T*X]) n [Ox], with Aj, the total 
A-class. 

• Ty{[idx]) = td(^yj{TX) n [X], with the corresponding Hirzebruch 
characteristic class. 

• Ti{[idx]) = L*{TX) n [X], with L* the total Thom-Hirzebruch character- 
istic i-class. 

Moreover, the transformation Ty fits also into a commutative diagram 
F{X) Kn(var/X) Go(X) 



■1 



H^{X)®Q ^ — ^ H,{X)®Q[y] H^{X)®Q. 

with c» the Chern-Schwartz-MacPherson transformation |SchwallMlllBrSIIKenj 
on the group F{X) of algebraically constructible functions. Here mCo is the 
degree zero component of our motivic Chern class transformation mC, , and e 
is simply given by 

e{[f:Y^X]) ■.= faY^F{X). 
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Note that the homomorphisms e and mCo are surjective. So Ty unifies the 
Chern-Schwartz-MacPherson transformation c* and the Todd transformation 
td^ of Baum-Fulton-MacPherson (for Borel-Moore homology) or Fulton (for 
Chow groups). 

Fix an embedding k C C The construction of mC* is based on some results 
from the theory of algebraic mixed Hodge modules due to M.Saito |Sail| - [5ai6) . 
which imply the existence of the two natural transformations 

Koivar/X) Ko{MHM{X/k)) Ga{X) (E) Z[y,y-^ 

whose composition is our motivic transformation mC,,. Here Ko{M H M {X / k)) 
is the Grothendieck group of the abelian category MHM{X/k) of mixed Hodge 
modules on X (depending on the embedding fc C C), and mH is defined by 

mH{[f -.Y ^X]) := [M^] e Ko{M H M {X / k)) . 

Here Qy is in some sense the 'constant Hodge module' on Y. Similarly, gr^^DR 
comes form a suitable filtered de Rham complex of the filtered holonomic D- 
module underlying a mixed Hodge module. 

In the last section we lift our transformation mC* further up to the natural 
tranformation mC . This is based on the result of Levine and Morel |LMI ILoe| 
that is an isomorphism for X smooth and pure-dimensional, together with 
a presentation of Ko^var/X) in terms of a blow-up relation for smooth spaces, 
which is due to Looijenga jLoj and Bittner [Bij . 

It is a pleasure to thank P.Aluffi for some discussions on this subject. The 
paper ^ was a strong motivation for our work, which started with the papers 
|Yl| - |Y6j of the third author. Some of these papers are partly motivated by the 
final remark of MacPherson's survey article 

• |M2I p. 326]: '... It remains to be seen wether there is a unified theory 
of characteristic classes of singular varieties like the classical one outlined 
above. ...'. 

We hope that our results give some key to MacPherson's question and answer 
the following question or problem: 

• |Y4I p. 267]: Is there a theory of characteristic homology classes uni- 
fying the above three characteristic homology classes of possible singular 
varieties? ...'. 

• [Xjp.l]: '... There is a strong motivic feel to the theory of Chern-Schwartz- 
MacPherson classes, although this does not seem to have yet been con- 
gealed into a precise statement in the literature. 
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1 The generalized Hirzebruch theorem 

First we recall the classical generalized Hirzebruch Riemann-Roch theorem [HI] 
(compare with |Y3I I Y4| ) . Let X be a smooth complex projective variety and E 
a holomorphic vector bundle over X. Then the Xj^-characteristic of E is defined 

by 

<oo 

Xy{X,E) ■.^Y.^{X,E(i^MT*X)-yP 



p=0 

<oo / <oo ^ 
= Y^ "^{^iydimcH'(X,E®KPT*X) 

p=0 \i=0 / 



with T*X the holomorphic cotangent bundle of X. Then one gets 

Xy{X, E)= [ td[y)(TX) ■ ch^i+y){E) n [X] e Q[yl (gHRR) 
Jx 



rk E 



with ch(i+y){E) := ^ 



dimX 

and td[y){TX):= Qy{ai) . 

i=l 

Here (3j are the Chern roots of E and are the Chern roots of the tangent 
bundle TX. Finally Qy{a) is the normalized power series 

ajl + y) 

So this power series Qy{a) specializes to 

1 + a for y = — 1 , 
Qy{a) = { for 2/ = 0, 

for y = l. 

tann a ^ 
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Therefore the modified Todd class (TX) unifies the following important 
characteristic cohomology classes of TX: 

{c*{TX) the total Chern class for y = — 1, 
td* (TX) the total Todd for y = 0, 
L*{TX) the total Thom-Hirzebruch L-class for y — \, 

and the gRRH-theorem for the trivial bundle E specializes to the calculation of 
the following important invariants with Xy{X) '■— Xy{XTOx)'- 

{e(X) ~ c*{TX) n [X] the top. Euler characteristic for y = — 1, 
X{X) = td*{TX) n [X] the arithmetic genus for y = 0, 
a{X) = L*{TX) n [X] the signature for y ^ 1. 

These three invariants and classes have been generalized to a singular com- 
plex algebraic variety X in the following way (where the invariants are only 
defined for X compact): 

e{X)^ [ c,{X), with : F{X) ^ H,{X) := 

the Chern-Schwartz-MacPherson transformation [Schwal IMll IBrSI IKen| from 
the abelian group F{X) of complex algebraically constructible functions to ho- 
mology, where one can use Chow groups A^{-) or Borel-Moore homology groups 
Hl^'[-,Z). Then c,(X) := c,{lx). 

X{X) = [ td^X), with td^ : GoiX) H^X) Q 
Jx 

the Todd transformation in the singular Riemann-Roch theorem of Baum-Fulton- 
MacPherson |BFMI IFMj (for Borel-Moore homology) or Fulton ^Fulj (for Chow 
groups). Here Go{X) is the Grothendieck group of coherent sheaves. Then 
td^{X) :— td^{[Ox]), with [Ox] the class of the structure sheaf. Finally for 
compact X one also has 

a{X)= ( L4X), with :n{X) ^ H^J^''{X,Q) 
Jx 

the homology L-class transformation of Cappell-Shaneson |CS1| (as reformu- 
lated by Yokura lYlp . Here ^{X) is the abelian group of cobordism classes 
of selfdual constructible complexes. Then i*(X) := L^,{[ICx]), with \ICx] the 
class of the intersection cohomology complex of Goresky-MacPherson ,GM) . 

All these transformations commute with the corresponding pushdown for 
proper maps (where all spaces are assumed to be compact in the case of the L- 
class transformation). They are uniquely characterized by this pushdown prop- 
erty and the normalization condition, that for X smooth and pure-dimcnsional 
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one gets back the corresponding classes of TX: 

c^(X) = c*{TX)r\[Xl td^X) = Td*{TX)r\[X] and L^X) = L*{TX)r\[X] 

Here the uniqueness result follows from resolution of singularities. So all these 
theories have the same formalism, but they are defined on completely different 
theories! Nevertheless, it is natural to ask for another theory of characteristic 
homology classes of singular complex algebraic varieties, which unifies the above 
characteristic homology classes (as in |M2I IY3I IY4| ). Of course in the smooth 
case, this is done by the generalized Todd class i<i(j,) (TX) D [X] of the tangent 
bundle. We now explain a partial solution to this question. 

2 Hirzebruch characteristic classes for singular 
varieties 

In the following we consider algebraic varieties over a base field k embeddable 
into C, and all spaces are assumed to be reduced. Then the homology group 
H^,{X) is either the Chow group or the Borel-Moore homology group in case 
k = C. Let Ko{var / X) be the relative Grothendieck group of algebraic varieties 
over X, i.e. the quotient of the free abelian group of isomorphism classes of 
algebraic morphisms Y X to X, modulo the additivity relation generated by 

[Y ^ X] = [Z ^Y ^ X] + [Y\Z -^Y ^X] (add) 

for Z C Y a closed algebraic subset of Y. By resolution of singularities, 
Ko{var / X) is generated by classes [Y — > X] with Y smooth pure dimensional 
and proper (or projective) over X\ These relative groups were introduced by 
Looijenga in his Bourbaki talk |Lo^ about motivic measures and motivic integra- 
tion, and then further studied by Bittner IBi| . From our point of view, these are 
the 'motivic versions' of the group F{X) of algebraically constructible functions. 
In particular, they have the same formalism, i.e. functorial pushdown f\ and 
puUback /* for any algebraic map f : X' X (which is not necessarily proper), 
together with a ring multiplication (with unit [idx] = c*[idpt] for c : X pt a 
constant map) satisfying the projection formula 

and the base change formula g* f\ = fig'* for any cartesian diagram 

Y' — ^ X' 

4 1' 

Y X. 

For later use, let us recall the simple definition of the puUback and pushdown 
for f : X' ~> X , and of exterior products: 

fX[h : Z ^ X']) = [f oh: Z ^ X] and 
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[Z ^X]x [Z' X'] = [Z X Z' ^ X X X'] . 

Moreover, f*{[g : Y ^ X]) = [g' : Y' X'] 

is defined by taking fiber products as above. 

By these exterior products, Ko^var/pt) becomes a commutative ring and 
Ko{var/X) a Ko{var /pt)-module such that /i and /* are Ko^var /pt)-\hieeLT. 

Theorem 2.1. There exists a unique group homomorphism Ty commuting with 
pushdown for proper maps: 

Ty : Ko{var/X) ^ H^X) ® Q[y] , 

satisfying the normalization condition 

Tyi[idx])=td;^){TX)n[X] 

for X smooth and pure- dimensional. 

Note also, that aU our groups have a natural increasing filtration preserved 
under proper pushdown: FkKo{var / X) is generated by [X' — > X] with dimX' < 
k. Similarly FkF{X) and FfcGo(X) is generated by constructible functions or 
classes of coherent sheaves with support of dimension < k. Finally we define 
Fk (X)Q[?/]) := FkH^{X) (g) FkQ[y], where each factor has its canoni- 

cal filtration coming from the natural grading. In particular, any evaluation 
homomorphism H^,{X) (g) Q[j/] H^{X) for an y G Q is then also filtration 
preserving. 

Corollary 2.1. 1. Ty is filtration preserving. 

2. Ty commutes with exterior products. 

3. One has the following Verdier Riemann-Roch formula for f : X' ^ X a 
smooth morphism (of constant relative dimension): 

tdfy){Tf) n f*Ty{[Z ^ X]) = Tyf*i[Z ^ X]) . 

Here Tf is the bundle on X' of tangent spaces to the fibers of f , i.e. the 
kernel of the surjection df : TX' — > f*TX. In particular Ty commutes 
with pullback under Stale morphisms (i.e. smooth of relative dimension 
0). 

Proof. 1. follows by induction on dimX from resolution of singularities, 'ad- 
ditivity' and the normalization condition. 

2. follows from the normalization condition together with 

(/ X /')* ^.Ux f'^ on Ko{var/X x X') and H,{X x X') ® Q[y] 

for /, /' proper, and by the multiplicativity of td(^yy. 

td^y)[T{X X X')) = td^y^[T{X)) X td[y){T[X')) . 

Compare also with |Kwl IKwYj for the case of Chern classes. 
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3. It is enough to prove the claim for g : Z ^ X proper with Z smooth (and 
pure dimensional). Then it follows from the projection formula 

for g' proper and the base change formula f*g* = glf* for the cartesian 
diagram 

Z' ^' . Z 

g 



X' — ^ X 

with g,g' proper and /, /' smooth (of constant relative dimension). Here 
these formulae also hold for the homology i?*(-) ® Q[i/]: 

tdfy^{Tf) n rTy{[Z ^ X]) = tdfy^{Tf) n rg.Ty{[tdz]) 
=tdfy){Tf) n gimitdz]) - gi (g'*td^y){Tf) n r{td^y){TZ) n [Z]) 



=g: (td(y){Tf,) U rtd(y){TZ) n [Z']) = 51 (td(y){TZ') n [Z'] 
=g',Ty{[idz']) = Ty{[Z' ^ X']) - Tyn[Z ^ X]) . 

Of course, we also used the multiplicativity and functoriality of tdj^yy 
Compare also with Y5 for the case of Chern classes. 

□ 

Theorem 2.2. There exist unique group homomorphisms 

e : Koivar/X) F{X) and mCo : Ka{var/X) Go{X) 

commuting with pushdown for proper maps and satisfying the normalization 
condition 

e{[idx]) = Ix and mCo{[idx]) = [Ox] 
for X smooth and pure-dimensional. 

Corollary 2.2. 1. e and mCo are filtration preserving. 

2. e and mCo commute with exterior products and pullback for smooth mor- 
phisms (of constant relative dimension). 

3. The following diagram of natural transformations commutes: 



F{X) Ka{var/X) Go{X) 

td, 

H^{X)®Q ^^^^ H4X)®Q[y] H^{X)(»Q. □ 
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Note that the homomorphisms e and mCo are surjective. So by the diagram 
above, Ty unifies the Chern-Schwartz-MacPherson transformation c* |Schwal 
IJVllL IBrSL IKen| and the Todd transformation td^, of Baum-Fulton-MacPherson 
IBFM: TMj (for Borel-Moore homology) or Fulton [M| (for Chow groups). Of 
course it is natural to use the induced Chern class transformation with rational 
coefficients. 

Here the transformation e is simply given by 

e([/ -.Y^X]) := /,(ly) = /,c* V e F{X) 

(with c : X pt a constant map). In particular e{[idx]) = Ix also for any 
singular X so that 

T^i{[idx]) — c*(X) for any singular X. 

So the corresponding Hirzebruch characteristic (class) of X 

Xy{X):^Ty{[X^pt]) and Ty{X) -.^ Ty{[tdx]) (1) 

is a natural lift of the Euler characteristic e{X) (for X complete) and the Chern 
class c^{X) of X. 

It seems that our Hirzebruch characteristic class Ty{X) corresponds (for 
fc = C) to a similar class announced some years ago by Cappell and Shaneson 
|CS2I If this is the case, then there is a mistake in their announcement, 
because they claim that To([idj5(:]) is the singular Todd class td^,{X) for any 
singular X. But this is not (!) true for our class, i.e. 'mCQ{[idx]) 7^ [Ox] S 
Go(^) for some singular spaces X. 

Example 2.1. Let X be a singular curve (i.e. dimX = 1) such that X is not 
maximal (maximal is sometimes also called weakly normal), but the weak nor- 
malization Xmax is smooth. Then the canonical projection n : X' := Xmax ^ X 
is not an isomorphism, but nevertheless a topological homeomorphism. By 'ad- 
ditivity' one gets 

n^{[idx']) = [idx] G Ko{var/X) , so that 

To{X) = Tr,To{X') = TTjd,{X') = td,TT,{[Ox']) ■ 

But by assumption 7r*([C'x']) = [Ox] + n ■ [Opt] with n > so that 

To{X) ^ td^X) + n • [pt] ^ td,{X) e i?,(X) ® Q . 

One gets similar examples in any dimension by taking the product with a pro- 
jective space. 

Taking a complete singular curve X over k — C such that the normalization 
TT : X' := Xnor ^ ^ is not a topological homeomorphism, one gets in the same 
way examples of singular X with Ti{X) ^ L*(X). Note that the normalization 
map TT is a small resolution of singularities so that ■n^,{XCx') = ^Cx- So to 
distinguish between these characteristic classes, we call (for later reasons) To{X) 
the Hodge- Todd class and Ti{X) the Hodge L-class of X. 
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Example 2.2. Assume k — C and that the complex algebraic variety X has 
at most 'Du Bois singularities' in the sense of M.Saito |Sai5j . For example X 
has only 'rational singularities', e.g. X is a toric variety. Then mCodidx]) = 
[Ox] £ Go{X) and therefore To{X) = td^,{X) (compare with the end of section 
il). 

Using the 'additivity' in Ko{var / X) and the natural transformation Ty, one 
gets similar additivity properties of the Todd class td^{X) = To{X) for X 
smooth (or with a most 'Du Bois singularities'), which seem to be new and do 
not follow directly from the original definition. 

Example 2.3. 1. By the gHRR-theorem (which we recover in the algebraic 
context in the next section), we have Ty{[P^ ^ pA) = XyC^^) = 1 — y so 
that 

Xy{A') = ~y and X,(P") = l-y + --- + (-2/)" 
by 'additivity' and 'multiplicativity' for exterior products. 

2. Ty becomes multiplicative in Zariski locally trivial bundles, e.g. if _B ^ 
X is an algebraic vector bundle of rank r + 1, then the corresponding 
projective bundle ¥{E) ~> X is Zariski locally trivial so that 

Ty{[¥{E) ^ X]) = Ty{[tdx]) • (1 - y + • • • + (-yY) G H^X) ® Q[y] . 

3. Let TT : X' ^ X he the blow-up of an algebraic variety X along an alge- 
braic subvariety Y such that the inclusion Y ^ X is a, regular embedding 
of pure codimension r + 1 (e.g. X and Y are smooth). Then tt is an 
isomorphism over X\Y and a projective bundle over Y corresponding to 
the normal bundle of Y in X of rank r + 1. So by 'additivity' one gets 

Ty{[x' ^ X]) = Ty{[idx])+Ty{[Y ^ x])i~y+- ■ M-yY) e H-4x)m[y] 

In particular To{[X' ^ X]) = To{[idx]), which is a homology class version 
of the birational invariance of the arithmetic genus xo- More generally, by 
pushing down to a point we get for X complete the blow-up formula 

Xy{X') = Xy{X) + Xy{Y) ■ (-y + ■ • ■ + i-yY) e Q[y] . (2) 

Note that in case 3. one also has 7r*td*(X') = td^{X), by functoriality of 
td^ and the relation [Rtt^,it*Ox] = [Ox] for such a blow-up. Using the 'weak 
factorization theorem' |AKMW[ IWj . we get the following result, which seems 
to be new and was motivated by a corresponding study of Aluffi about Chern 
classes 

Corollary 2.3. Let t: :Y ^ X be a resolution of singularities. Then the class 

7r,(rd*(rr) n [y]) = 7r,To([idy]) e h^{x) ® q 

is independent ofY. 
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Proof. Let tt : Y ^ X and tt' : Y' ^ X he two resolution of singularities, 
together with a resolution of singularities of the fiber-product Z ^ Y x x Y' 
so that we get induced birational morphisms p : Z ^ Y and p' : Z ^ Y' . 
By the 'weak factorization theorem' [AKMWl IW| . this map p (or p') can be 
decomposed as a finite sequence of projections from smooth spaces lying over 
Y (or Y'), which are obtained by blowing up or blowing down along smooth 
centers. By the birational invariance above we get TT^td,,(Z) = td*(X) (or 
Tr'^td^,{Z) = td^,{X')), from which the claim follows. □ 

Remark 2.1. In the framework of motivic integration [DLL ILo| . it is natural 
to localize the Ko{var / pt)-modu\e Ko{var / X) with respect to the class L := 
[A^ — > pt] of the affine line. Here the module structure comes from pullback 
along a constant map X —> pt. Then Ty induces a a similar transformation 

Ty : M{var/X) Ka{var / X)[l.-^] ^ H,{X) ® Q[v,y-^] , 

since Xy{^^) = £ H^,{pt) ®Q[y,y''^] — Q[y,y^^] is invertible. Note that the 
original transformation Ty is a ring homomorphism on a point space pt, and a 
corresponding module homomorphism over any space X, by the multiplicativity 
with respect to exterior products. Similarly, Ty extends to a transformation 

Ty : M{var/X) ^ H.,{X) ® Q[y][[y-']] 
of the corresponding completions with respect to 'dim — oo'. Here 
dim{[X' -> X]h^") := dim{X') - n 

and the completion M {var / X) also comes up in the context of motivic integra- 
tion. 

In the absolute case X = pt is. was introduced by Kontsevich in his study 
of the 'arc-space' C{X) of X as the value group of a 'motivic measure' ft on 
a suitable Boolean algebra of subsets of C{X). This allows one (compare jPLL 
4.4]) to introduce new invariants for X pure-dimensional, but maybe singular, 
as the value of 

/2(£(X)) e M{var/pt) R 

under a suitable homomorphism to a ring R. Instead of jl{C{X)), one can also 
use related 'motivic integrals' over C{X). 

By our work, one can now introduce a similar characteristic class as 

fi/X {C{X)) e M{var/X) H^XX) ® Q[y][[y-^]] 

by using a 'relative motivic measure' ft/ X with values in M{var/X) |Lol sec. 4], 
and the same for 'motivic integrals' (compare also with |Y6| ) . 
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3 Motivic Chern classes for singular varieties 

In this section we explain that our transformation Ty is induced by the general- 
ized singular Riemann-Roch theorem of Yokura Y4 from another transforma- 
tion mC^, which we call the 'motivic Chern class transformation'. 

Theorem 3.1. There exists a unique group homomorphism mC^ commuting 
with pushdown for proper maps: 

mC, : Kaivar/X) ^ Go(X) Z[y, y-^] , 

satisfying the normalization condition 

dimX 

ma{[tdx])^ J2 WT*X]-y' ^Xy{[T*X])n[Ox] 

i=0 

for X smooth and pure- dimensional. Here \y : K'^(X) K^(X) is the 

total X-class transformation on the Grothendieck K'^{X) of coherent locally free 
sheaves on X, with C\[Ox\ ■ K'^{X) — s- Go{X) induced by (E)Ox, which is an 
isomorphism for X smooth. 

Corollary 3.1. 1. mC^, is filtration preserving, if GQ{X)®1,[y,y^^] has the 
induced filtration coming from the grading with y of degree one. Moreover 
mC^, maps to Go{X) (8>Z[j/], and by projecting further on the component 
in degree 0, we get the transformation mCo of theorem, \2.'A 

2. mC^ commutes with exterior products. 

3. One has the following Verdier Riemann-Roch formula for f : X' ^ X a 
smooth morphism (of constant relative dimension): 

Xy{T}) n f*mC4[Z X]) = mCJ*{[Z X]) . 

Here f* : Gq{X) (g) Z[y,y-^] Go{X') (g) Z[y,y-^] is induced from the 
corresponding pullback of Grothendieck groups by linear extension over 
Z[y,y^^]. In particular mG^ commutes with pullback under etale mor- 
phisms. □ 

Remark 3.1. The remarks of remark l2.ll apply in the same way also to the 
motivic Chern class transformation mC* . 

Let us now explain an important reformulation by Yokura |Y4j of the sin- 
gular Riemann-Roch theorem of Baum-Fulton-MacPherson (for Borel-Moore 
homology) and Fulton (for Chow groups). Consider the group homomorphism 

: Go{X) Z[q, q-'] ^ H,{X) ® Q[q, q-'] , 
i=0 
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with tdi the degree i component of the transformation td,, which is Hnearly 
extended over Z[g, q~^]. Since id* is degree preserving, this new transformation 
also commutes with proper pushdown (which again is defined by hnear extension 
over Z[q,q~^]). Finally make the substitution q = 1 + y to get the natural 
transformation 

: Go{X) ® Z[y, y-'] ^ H,{X) ® Q[y, y-'] (gBFM) 

commuting with proper pushdown. By |Y3| we have the important 

Lemma 3.1. Assume X is smooth and pure d- dimensional. Then 

td^i+y) {Xy{T*X)) = td^y){TX) n [X] e H^X) ® Q[y] . 

Let us sketch the simple proof (since Yokura |Y3I lem.(2.3.7)] uses a different 
notation, and works only in (Borel-Moore) homology for compact spaces over 
C). Since X is smooth, the singular Riemann-Roch theorem reduces to the 
classical Grothendieck Riemann-Roch theorem, i.e. 

td^E) = ch*{E) U Td*{TX) n [X] : Gq{X) = ii'°(X) -^H^{X)®q, (4) 

with ch* : K°{X) H*{X) Q the Chern character. So 

tdi{E) = {ch*{E) U Td*{TX)f~'' n [X] 

and 

<oo 

td, {Xy{T*X)) ■ (l + y)-' = (1 + ■ ch^.+y^ {Xy{T*X)) Td^^+y^{TX) n [X] . 

i=0 

If ai are the Chern roots of TX, then the claim follows from 
(1 + y)-'^ • c/i(i+,) {Xy{T*X)) Td^,+y^{TX) 



d 



i=l 



Corollary 3.2. The natural transformation Ty of theorem \2.1\ is given as the 
composition 

Ty := td^i+y) o mC, : K^ivar/X) ^ F^X) Q[y] C H*(X) ® Q[y, y~^] . 

So the motivic Chern class transformation mC^ is a 'natural lift' of the Ty 
transformation. □ 
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Remark 3.2. Maybe here is the right place to explain our notion 'motivic Chern 
class transformation' for mC* (and mCl). Of course the notion 'motivic (dual) 
A-class transformation' would also be possible by the corresponding normaliza- 
tion condition for X smooth. But we understand our transformations Ty,mC^ 
and mC'^, as natural 'motivic liftings' of the Chern-Schwartz-MacPherson trans- 
formation c* by the following commutative diagram, with T-i{[idx\) = c*(X) 
for any singular X: 



Koivar/X) = Ka{var/X) 
f],(X)®L,Z[y,2;-i] Go(X) ® y-i] 



= Ko{var/X) — ^ F{X) 

H,{X)^Q[y,y-^] H,{X)(E>Q. 



Assume X is smooth, pure c?-dimensional and complete so that the constant 
map f : X pt is proper. Then (the proof of) lemma IXTl together with the 
multiplicativity of the Chern character and the functoriality of tdjx+y) imply 
the classical (gHRR): 

Xy{X,E)^xiX,E^Xy{T*X)) 

= I {l + y)-''-ch^i+y){E^Xy{T*X))Td(^,+y){TX)n[X] 



X 

-d 

X 



(1 + y)-'' • c/i(i+,) {Xy{T*X)) Td^^+y){TX) ■ ch^i+y){E) n [X] 
td[y){TX) ■ ch(^i+y){E) r\[X] . 

X 

4 Hodge theoretic definition of motivic Chern 
classes 

In this section we construct the motivic Chern class transformation mC* and 
therefore by the discussion before also the transformation Ty with the help of 
some fundamental results from the theory of algebraic mixed Hodge modules 
due to M.Saito |Sail| - [Sai6] . Since this is a very complicated theory, we re- 
duce our construction to a few formal properties, together with a simple and 
instructive explicite calculation for the normalization condition, all of which are 
contained in the work of M.Saito. 
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Let us assume that our base field is fc = C. To motivate the following 
constructions, let us first recall the definition of the Hodge characteristic trans- 
formation He : Ko{var/pt) — > UyU^v] . By the now classical theory of Deligne 
|DeTl lDe2l |Hr| , the cohomolo gy groups V = Hl{X"'^, Q) of a complex algebraic 
variety have a canonical functorial mixed Hodge structure, which includes in 
particular the following data on the finite dimensional rational vector space V: 

• A finite increasing (weight) filtration of F with Wi = {0} for i << 
and Wi for i » 0. 

• A finite decreasing (Hodge) filtration F oiV (^^C with — V for p << 
and FP = {0} for p >> 0. 

These filtrations have to satisfy some additional properties, which imply that the 
transformation of taking suitable graded vector spaces gr^,gr^ and gr^grf^ 
for i,p G Z induce corresponding transformations on the Grothendieck group 
K^{MHS) of the abelian category of (rational) mixed Hodge structures, i.e. 
morphism of mixed Hodge structures are 'strictly stable' with respect to the 
filtrations F and W . Assume F is a closed algebraic subset of X with open 
complement U := X\Y. Then the maps in the long exact cohomology sequence 



X^Hc{X):= J2 {-in~iy^'-dimc{grlgr^_^,Hl{X'^-,C))uPv'i (6) 



satisfies the 'additivity' property (add). In this way we get the Hodge charac- 
teristic (compare |5r|'): 



Note that most references do not include the sign-factor (— 1)^+"^ in their def- 
inition of the Hodge characteristic! Our sign convention fits better with the 
following normalization for X smooth and complete. Specializing further, one 
gets also the (compare |Lop 

• Hodge filtration characteristic corresponding to {u, v) — {y, —1): 




(5) 



<oo 



i.p.q—0 



He : Ko{var/pt) ^ Z[u,v], [X pt] ^ Hc{X). 



<oc 



i,p—0 



• Weight filtration characteristic corresponding to {u^v) — (w^w): 



<oo 



iX) := ^ (-1)' . dime (gr^KiX^^Q)) {-w)" . 
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• Eulcr characteristic (with compact support) corresponding to (u, v) = 
(-1,-1): 

<oo 

e{X) :=^(-ir.d*mc(i?:(X'^",Q)). 

i=Q 

So these speciahzations fit into the foUowing commutative diagram: 

Z[w, v] ^ > 

V — — 1 



v=-l 

' y=-i 

Z\w] > Z. 



Finally, this classical Hodge theory |Del[IDe2ll5r] implies for X smooth complete 



(of pure dimension d) the 'purity result' gr'^ H^{X"'",C) = ior p + q ^ i, 



together with 

<CKj 

hP^^iX) {-1^-1)^+" ■ dime {gr^^gr^^^HliX'^-X)) 

i=0 

=dimc (grPi?P+«(X'^",C)) = dimci?" (X'^", Afr*X°") 
=dimcHi{X,APT*X) . 

Here the last two equalities follow from GAGA, the degeneration of the 'Hodge 
to de Rham spectral sequence' 

jTjP'i — H'^(^X°'^^ A''T*A"'^") > ijp^'i (^x°-'^ AT*A"'^") 

at El and the 'holomorphic Poincare lemma' 

i7P+«(X'^",C) ~i?f+«(X''",A'T*X°") . 

So the holomorphic de Rham complex DR{Ox-'^) ■= [A*T*X''"] (with C^- 
in degree zero) is a resolution of the constant sheaf C on X"", and the 'stupid 
decreasing filtration' 

FPDR{Ox-'^) := [0 ^ > ^prp*j^an _^ . . . ^dy*^an] 

induces the Hodge ffltration F on i/*(X'"\C). 

In particular Ty{[X pt]) = Hfc{[X pt]) for X smooth and complete 
by (gHRR). But these classes [X pt] generate Ko{var /pt) so that we get the 
following Hodge theoretic description for any X: 

<oo 

Xy{X)^Ty{[X^pt])^Y. {-iydimc{gr^FK{X^-,C)){-yr. (8) 

i,p—0 
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And exactly this description can be generalized to the context of relative 
Grothendieck groups Ko{var/X) using the machinery of mixed Hodge mod- 
ules of M.Saito. But before we explain this, let us point out another remark. 
All our characteristics above are indeed ring homomorphisms on KQ{var/pt), 
because this is the case for Xy = Hfc (for example by remark 12.111 . Such 
ring homomorphism are called 'characteristics' |DLI ILo| or sometimes also 'mo- 
tivic measures' jLL| . and there are much more examples known. In this sense 
our transformation Ty is certainly a 'motivic characteristic class' since it is a 
homology class version of the motivic characteristic Hfc, just like the Chern- 
Schwartz-MacPherson (class) transformation is the homology class version of 
the Euler-Poincare characteristic e. 

Remark 4.1. Our 'motivic characteristic classes' are only group homomorphisms, 
because the corresponding 'homology theories' are only groups for a singular 
space X. But they commute with exterior products, so that they are ring ho- 
momorphisms for X = pt. But this is in general no longer true for X smooth, 
even if one has then a corresponding ring structure on the (co)homology. This 
is closely related to a corresponding Verdier Riemann-Roch formula for the di- 
agonal embedding d : X ^ X x X (compare Sch2HY5] \ 

One can ask if also the other characteristics He or wc can be 'lifted up' to 
such a homology class transformation. But here the answer will be no (compare 

my- 

Example 4.1. Assume that there is a functorial transformation 

Tu,v ■■ Ko{var/X) H,{X) ® Q[u, v] 

commuting with proper pushdown, and also with puUback /* for a finite smooth 
morphism / : X' —f X between smooth varieties, such that for X = pt we get 
back the Hodge characteristic He. Let d be the degree of such a covering map 
/. Then it follows (with c : X ^ pt a constant map): 

HciX') = r„,„([X' ^ pt]) = T,,^,icJJ*[idx]) - cJJ*n^,{[idx]) 

= c,{d- TuAlidx])) = d ■ c,TuA[idx]) - d ■ HciX) = Hc{d ■ [idpt]) ■ Hc{X) . 

So (as usual) , the transformation He has then to be multiplicative in such finite 
coverings. But this is not the case. Let X' ^ X he such a finite covering of 
degree d> 1 over an elliptic curve X. Then X' is also an elliptic curve so that 

Hc{X) = Hc{X') = (1 + u){l + v)^0. 

Note that the same argument applies also to the weight characteristic, with 
'wc{X) — wc{X') = (1 -I- w)^ ^ 0. Of course, everything is ok in the context of 
e and Hfc, since both are zero for an elliptic curve! 

Let us now formulate those results about algebraic mixed Hodge modules, 
which we need for our application to the motivic Chern class transformation 
mC*. All these results are contained in the deep and long work of M.Saito. 
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Since most readers will not be familiar with this theory, we present them in an 
axiomatic way pointing out the similarities to constructible functions F(X) and 
motivic Grothendieck groups KQ{var / X). 

Let fc be a subfield of C. Then we work in the category of reduced seperated 
schemes of finite type over spec(fc), which we also call 'spaces' or 'varieties', 
with pt = spec{k). 

MHMl: To such a space X one can associate an abelian category of (algebraic) 
mixed Hodge modules MHM{X/k), together with a functorial puUback 
/* and pushdown fi on the level of derived categories D''MHM{X/k) 
for any (not necessarily proper) map |Sai2l sec. 4] (and compare also with 
|Sai5[ ISaiSp . These transformations are functors of triangulated cate- 
gories. 

MHM2 Let i : Y ^ X he the inclusion of a closed subspace, with open comple- 
ment j : U := X\Y X. Then one has for M £ D^MHM{X/k) a 
distinguished triangle f jSai2l (eq.(4.4.1),p.321]) 

j\j*M ^ M in*M ^ . 

MHM3: For all p ^ Z one has a functor of triangulated categories 

gr^DR : DHlHM{X/k) ^ i?^„,(X) 

commuting with proper pushdown (compare with [Saill sec. 2. 3], |Sai2[ 
p. 273], p[i5l eq.(1.3.4),p.9, prop.2.8] and also with [HaiH l?Tai5] ). Here 
D^cohi-^) is bounded derived category of sheaves of Ojf -modules with 
coherent cohomology sheaves. Moreover, gr^ DR{M) = for almost all 
p and M G D^MHM{X/k) fixed f puTl prop.2.2.10, cq.(2.2.10.5)] and 
lem.1.14]). 

MHM4: There is a distinguished element e MHM{pt/k) such that 

5r^pi^i?(Qf ) ^ K^T*X[-p] e dI^^{X) 

for X smooth and pure dimensional f jSai2| l. Here c*Q^ for c : 

X ^ pt & constant map, with viewed as a complex concentrated in 
degree zero. 

Since the above transformations are functors of triangulated categories, they 
induce functors on the level of Grothendieck groups (of triangulated categories) 
which we denote by the same name. By general nonsense one gets for these 
Grothendieck groups isomorphisms 

Ko{D^MHM{X/k))'^ Ko{MHM{X/k)) and KQ{Dl^t^{X)) ^ Go{X) 

by associating to a complex its alternating sum of cohomology objects. 
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As explained later on, Kq{M H M {X / k)) plays the role of 'Hodge constructible 
functions' with the class of as 'constant Hodge function on X\ By (MHM3) 
we get a group homomorphism commuting with proper pushdown: 

gr^.DR : Ko{MHM{X/k)) ^ Go{X) ® Z[y, y-'] ; 

[M] ^ [9r^pDR{M)] ■ {-yY . (9) 
p 

And as for the map e from motivic Grothendieck groups to constructible 
functions, we get a group homomorphism commuting with pushdown (compare 
also with |Lol sec.4]): 

mH : Ko{var/X) ^ Ko{MHM{X/k)) , [f : X' ^ X] ^ [/,Qf ,] . (10) 

Indeed, the 'additivity relation' (add) follows from (MHM2) together with 
the functoriality of pushdown and pullback (MHMl): For i : Y X' the inclu- 
sion of a closed subspace, with open complement j : U X' , the distinguished 
triangle 

induces under fi the distinguished triangle (with f : X' ^ X as before) 

It translates in the corresponding Grothendieck group into the relation 

This finally is nothing else than the asked additivity property 

[m"'] = [ifojWii] + [if ° ^W?] e Ko{D'MHM{X/k)) . 

Moreover, mH commutes with pushdown for a map f : X' —> X again by 
functoriality: 

mH{Mg :Y^X'])= mH{[f o g : Y ^ X]) = [{f o g),Q^] 

= [MQy] = /ilffiQy] = f'.mHiig -.Y^X]). 
By (MHM4) we get for X smooth and pure dimensional: 

dimX 

gr^^DR o mH{[tdx]) = WT*X] ■ f e Go(X) Z[y, y~^] . 

i=0 

Corollary 4.1. The motivic Chern class transformation mC^ of theorem VJ.l\ 

is given as the composition mC^, = gr^^DR o mH . □ 
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Remark 4.2. The definition of MHM{X/k) and therefore also the transfor- 
mations mH and gr^^DR depend a priory on the embedding fc C C. By the 
uniqueness statement of Theorem l2.1l and l3.1l this is not the case for the transfor- 
mations Ty and mC^^ i.e. they are independent of the choice of the embedding 
fc C C used in their definition in Corollary 13.21 and 14 . II 

Let us now explain a little bit of the definition of the abelian category 
MHM{X/k) of algebraic mixed Hodge modules on X/k. Its objects are special 
tuples ((M, F), K, W), which for X smooth are given by 

• (M, F) an algebraic holonomic filtered D-module M on X with an exhaus- 
tive, bounded from below and increasing (Hodge) filtration F by algebraic 
Ox-modules such that gr^ M is a coherent (^r;^ 2?x-inodule. In particu- 
lar, the filtration F is finite, which will imply the last claim of (MHM3). 
Here the filtration F on the sheaf of algebraic differential operators Vx 
on X is the order filtration, and one can work either with left or right 
D-modules. For singular X one works with suitable local embeddings 
into manifolds and corresponding filtered D-modules with support on X 
(compare |Saill ISai2l ISai4j l 

• A' e £'^o„s((X(C)"", Q) is an algebraically constructible complex of sheaves 
of Q-vcctor spaces (with finite dimensional stalks, compare for example 
with Schl )) on the associated analytic space X(C)"" corresponding to 
the induced algebraic variety X{C) := X 0^ C over C, which is perverse 
with respect to the middle perversity t-structurc. F is called the underly- 
ing rational sheaf complex. 

• In addition one fixes a quasi-isomorphism a between K{£,) :— K ®q C 
and the holomorphic de Rham complex DR{M{C)°'"') associated to the 
induced T>x(c)-moduie M{C) := M (^k C 

• is finally a finite increasing (weight) filtration of (Af , F) and K, com- 
patible in the obvious sense with the quasi-isomorphism a above. 

These data have to satisfy a long list of properties which we do not recall here 
(since it is not important for us). In particular, one gets the equivalence |Sai2[ 
eq.(4.2.12),p.319]) 

MHM{pt/C) ~ {(graded) polarizable mixed Q- Hodge structures} 

F-P ^ Fp ^^^^ 

between the category of algebraic mixed Hodge modules on pt = spec{C) , and 
the category of (graded) polarizable mixed Q-Hodge structures. Of course, one 
has to switch the increasing Z?-module filtration F^ into an decreasing Hodge 
filtration by F~p <-> Fp so that gr^p — gr^. For elements in MHM{pt/k), 
the corresponding Hodge filtration is already defined over fc (compare aSai6| 
sec. 1.3]). 

The distinguished element Q^^ e MHM{pt/k) of (MHM4) is given by 

^"■.= {{k,F)M,W) with .grf = - grf for » ^ (12) 



Hirzehruch classes and motivic Chern classes 



21 



and a:fc(8)C~Q(8)C the obvious isomorphism (compare |Sai61 sec. 1.3]). The 
functorial pullback and pushdown of (MHMl) corresponds under the forget 
functor ( |5ani thm.0.1,p.222]) 

rat : DHlHM{X/k) ^ I?,^„,,,(X(C)"\ Q) , ((A/, F), if, T^) ^ K (13) 

to the classical corresponding (derived) functors /* and f\ on the level of al- 
gebraically constructible sheaf complexes, with rat(Q^) ~ Qx(C)'"'- So by 
(|11|) one should think of an algebraic mixed Hodge module as a kind of '(per- 
verse) constructible Hodge sheaf ! But one has to be very careful with this 
analogy. is in general a highly complicated complex in D''MHM{X/k), 
which is impossible to calculate explicitely. But if X is smooth and pure d- 
dimensional, then Qx(C)°" I"*^] ^ perverse sheaf and Q;^[— d] G MHM{X/k) 
a single mixed Hodge module (in degree 0), which is explicitly given by (' |Sai2[ 
eq.(4.4.2),p.322]): 

Qf[-d]2.((Ox,F),Qx(c)»"M,M^), (14) 

with F and W the trivial filtration grf = = gr^ for i ^ 0. Here we use for 
the underlying D-module the description as a left D-module, which maybe is 
more natural at this point. 

The distingished triangle (MHM2) is a 'lift' of the corresponding distin- 
guished triangle for constructible sheaves. Similarly, by taking a constant map 
f : X ^ pt we get by (MHMl) and Hll|) a functorial (rational) mixed Hodge 
structure on 

mt(i?7!Qf) -Hl{x{cr^,q), 

whose Hodge numbers are easily seen to be the same as those coming from the 
mixed Hodge structure of Deligne |Del[IDe2l[5r| (both have the same additivity 
property so that one only has to compare the case X smooth, which follows 
from the constructions). In fact, even the Hodge structures are the same by a 
deep theorem of M.Saito |Sai5l cor. 4. 3]. 

Let us finally explain (MHM3) and (MHM4) for the case X smooth and 
pure d-dimensional. The de Rham functor DR factorizes as (compare |Saill 

EaUEiSl) 

DR : DHlHM{X/k) ^ D^F^.^iX, Diff) ^ i?L,,,(X(C)"\ C) , (15) 

with D''Fcoh{X,Diff) the 'bounded derived category of filtered differential 
complexes' on X with coherent cohomology sheaves. Here the objects are 
bounded complexes {L*,F) of Ox-sheaves with an increasing (bounded from 
below) filtration F by such sheaves, whose morphisms are 'differential opera- 
tors' in a suitable sense. In particular 



gr^{L')eD\X,Ox) 
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becomes an Ox-linear complex with coherent cohomology. Moreover, the mor- 
phisms of mixed Hodge modules are 'strict' with respect to the Hodge filtration 
F (and the weight filtration W) so that gr^DR induces the corresponding trans- 
formation of (MHM3). Finally, DR{Qx) is given by the usual de Rham complex 
A'T*X with the induced increasing filtration 

FpDRiQ^) := [FpOx ^ Fp+iOx^A'T*X ^ > Fp+dOx®A''T*X], (f6) 

with FpOx in degree zero and F the trivial filtration with gr[ — ior i ^ Q. If 
we switch to the corresponding decreasing filtration (with gr^p — gr^)'- 

FPDR{Qx) — [F^Ox F'P-^Ox ® A'^T*X > FP-'^Ox «> A'^T*X] , 

then one gets to this complex a natural filtered map form the dc Rham complex 
DR{Ox) with the stupid filtration (jP as in Q: 

[0 _> . ~> KPT*X ■■■ K'^T*X] . 

And one trivially checks that this induces on the associated graded complexes 
the isomorphism 

grP,DR{Ox) ^ KPT*X[-p] ~ gr^ i?i?(Qf ) ^ gr%DR{Q'^) . 

In this way one finally also gets (MHM4). 

Remark 4.3. The use of the transformation gVp DR of (MHM3) in the context 
of characteristic classes of singular spaces is not new. It was already used by 
Totaro To in his study of the relation between Chern numbers for singular 
complex varieties and elliptic homology! But he was interested in characteristic 
numbers and classes invariant under 'small resolution', and not in functorial- 
ity as in our paper. So he works with the counterpart ICx G MHM{X/<C) 
of the intersection cohomology complex instead of the constant 'Hodge sheaf 
Qx € D^MHM{X/C) as used in this paper. He then also applied the singular 
Riemann-Roch transformation td^ of Baum-Fulton-MacPherson to associate to 
a singular complex algebraic variety X of dimension n some natural homology 
classes Xp~'^(X) g 77^^^(X, Q) for p E Z. In our notation, the corresponding 
total homology class Xp~*{^) G H2^,^'^ {X, Q) is given by evaluating 

td^^+y) o gr^^DR{IC^) e HZ''{X,Q)[y,y-'] 
at y = 0. Here it is important to work with the transformation 

td^i+y)ogr^^DR : K„(MHM(X/<C)) ^ ijf/^(X, Q)[y, . 

This allows one to use more general coefhcients like IC^ £ MHM{X/'C), which 
are in general not in the image of mH . 

As explained before, it is in general impossible to calculate gr ^pDR {Q^) 
explicitely for a singular space X. But by the work of M.Saito |Sai5| . one 
has for a complex algebraic variety X of dimension n at least some general 
informations: 
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1. gr^pDRiQ'^) ~ S Dl^f^{X) for p < and p > n. Of course, the 
corresponding vanishing in Gq{X) foUows also from Corollary 14. II 

2. Let X' be a resolution of singularities of the union of the n-dimensional 
irreducible components of X, with t: : X' X the induced proper map. 
Then 

Note that i?V*A"T*X' = for i > by the Grauert-Riemenschneider 
vanishing theorem. 

3. h^{gr^DR{Q^)) ~ for i < 0, and 

h'igr^DRiQ^)) ^ OT , 

with the coherent structure sheaf of the weak normalization Xmax of 
X (whose underlying space is identified with X). One gets in particular 
natural morphisms 

Ox OT grl^DRiQ"^) 

in Dlgi^{X). X has by definition 'at most Du Bois singularities', if these 
morphisms are quasi-isomorphisms. This is by for example the case, if 
X has at most 'rational singularities' f jSaiSI thm.5.4]), i.e. X is normal 
and i?V*C'x' = for i > for some (and then for any) resolution of 
singularities n : X' ^ X . 

5 Motivic Chern classes in an algebraic cobor- 
dism theory 

We continue to work on the category of reduced seperated schemes of finite 
type over a base field k embeddable into C. Since we want to use some results 
from Levine and Morel |LMI ILoe| about their algebraic cobordism theory il, , 
we use the convention of that paper that all smooth morphisms of this section 
are assumed to be quasi-projective! In particular, a smooth variety is assumed 
to be quasi-projective. 

Let M^{X) be the free abelian group of isomorphism classes of projective 
morphism f : X' ^ X with X' smooth and pure-dimensional, graded by the 
dimension of X' . By Chow's lemma and resolution of singularities one gets a 
group epimorphism 

v:MtiX)^Ko{var/X) 

by associating to such an / its class [/ : X' — > X] in the Grothcndicck group 
of algebraic varieties over X. By a deep theorem of Bittner ,£1 and Looijcnga 
(relying on the weak factorization theorem |AKMWl \W\ ). one gets Ko{var / X) 
form M^{X) by imposing the 'blow-up relation' 

[9^X]=0 and [BlyX' X] - [E ^ X] ^ [X' X] - [Y X] , (bl) 
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with X' ^ X a.s before and Y C X' a, closed pure-dimensional smooth subspace 
of X'. Here BIy{X') is the blow-up of X' along Y with exceptional divisor E. 
These are then also smooth pure-dimensional and the induced maps to X are 
projective, so that it makes sense to impose the relation (bl) on M^{X). Of 
course it is clear that the relation (bl) holds in Ko{var/X), since BIyX'\E is 
isomorphic to X'\Y . Note that this relation (bl) is not comparable with the 
graduation of M^{X), but with the corresponding filtration so that w is a fil- 
tered map. 

One also gets the algebraic cobordism group f2*(X) of X out of Af+(X) by 
imposing other kinds of relations |LM[ ILoe| in such a way that 

CO ; Mt{X) ^^{X) 

is a graded group epimorphism (compare |LMI lem.4.17,p.45]) and the theory 
rj, becomes an universal oriented Borel-Moore weak homology theory in the 
sense of Levine-Morel. Here an oriented Borcl- Moore weak homology theory A^, 
is given by a transformation X ^ A*(X) with A^,{X) a commutative graded 
group such that one has: 

• A, is additive in the sense that it maps finite disjoint unions isomorphic 
into finite products. 

• A<t is covariant functorial with a pushdown /, for / projective, and con- 
travariant functorial with a puUback /* for / smooth of constant relative 
dimension d. is degree preserving whereas /* is homogeneous of degree 
d, i.e. maps A,;(-) to Ai^di,')- 

• These transformations satisfy (for such maps) the projection and base- 
change formula as in the context of constructible functions F{X) or of 
Ko{var/X). 

• One has an associative and commutative exterior product 

A,{X) X Aj{X') ^ A,+j{X X X') 

with a unit Ipt G Ao{pt). Moreover, projective pushdown and smooth 
pullback commute with exterior products: 

(/ X /')* = /* X /: and (/x/')* = r X/'*. 

By these exterior products, A^^ljpt) becomes a commutative ring and A^{X) 
a A, (pi)-module such that and /* are A*(pi)-linear. 

• Finally one has for a line bundle L over X a first Chern class operation 

ci(L) : A,{X) ^ A,_i(X) 
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with suitable properties, which we do not need here in full generality. In 
particular, the first Chern class is nilpotent, depends only on the isomor- 
phism class of the line bundle, is contravariant functorial and satisfies the 
projective bundle theorem 

rk E-1 

A4F{E))^ J2 di{0{l)y A^+,^rk e{X) (PB) 

i=0 

for E ^ X a vector bundle. Here 0(1) is the canonical quotient line 
bundle on F{E) Proj{Sym*£), with £ the sheaf of sections of E. 

A natural transformation of oriented Borel-Moore weak homology theories 
commutes by definition with these structures. By a theorem of Levine and 
Morel, algebraic cobordism fi* is the universal example of such a theory [LML 
thm.l0.11,p.78], i.e. one has a unique natural transformation to any given 
oriented Borel-Moore weak homology theory. Other examples are given by our 
homology theories H^,{X) (Chow groups or Borel-Moore homology) with the 
usual first Chern class operations and by Go{X) ®Z[y, y~^]. Here y is of degree 
one, and projective pushdown or exterior product is defined by linear extension 
of the corresponding operation for Go{X). But for the puUback under a smooth 
morphism f : X' ^ X of constant relative dimension d one multiplies in addition 
with y"^ to get a transformation of degree d: 

r : Go{X) ® Z[y, y-'] ^ Go(X') Z[y, y-'] , [T]y' ^ . 

The first Chern class transformation ci{L) in this example is given by multipli- 
cation with (1 — [C*])y^^. 

To each oriented Borel-Moore weak homology theory A* one can associate 
a formal group law in one variable {A^.{pt), Fa{u,v)) |LMI sec. 10. 4, p. 74] given 
by a power series 

oo 

Fa{u,v) = ^ ttiju^'v^ G A*(pt)[[u, u]] with Wij G Ai+j-i{pt), 

which describes the first Chern class operations for tensor products of line bun- 
dles. In particular one gets an induced graded ring homomorphism 

from the universal Lazard ring classifying such formal group laws. One 
of the main results of Levine-Morel says that is an isomorphism |LM[ 
thm.l2.8,p.97]. The formal group law for homology H^,{X) is given by the 
additive formal group law 

Fh ■=Fa:Fa{u,v)=u + v , (17) 
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and for Go{X) Z[y,y ^] it is given be the multiplicative (periodic) formal 
group law 

Fq -.^ F„i : F.m{u,v) = u + v - y^^uv . (18) 

Here 'periodic' stands for the fact that y^^ is invertible. Consider the graded 
ring homomorphism 

L,^Z[y,y-'] 

which classifies the multiplicative (periodic) formal group law H18|l on Zi[y, y^^]. 
Then one can form the oriented Borel- Moore weak homology theory 

f}.(X)®L^Z[2;,y"i], 

which is the universal such theory with the multiplicative (periodic) formal 
group law H18|l LM. rem. 10. 12, p. 79]. One gets in particular a natural transfor- 
mation 

u,:n,iX) Z[y,2/-i] -.Go(X)®Z[y,y-i], 

which turns out to be an isomorphism for X smooth and pure dimensional | LM[ 
cor.ll.ll,p.93]. 

This information is enough to lift our motivic Chern class transformation 
mC, for a fixed X to a unique group homomorphism 

mC: : Ko{var/X) ^ n,{X) ^[2/,2/"'] , 

satisfying for a projective morphism f : X' X with X' smooth and pure- 
dimensional the normalization condition 

mCiiif : X' ^ X]) = Uiuj-^mC^itdx'])) G n^X) nv^V^'] ■ (19) 

Indeed, this defines mC'^, on M^{X), and it satisfies the blow-up relation 
(bl) in the description of Ko{var / X) given by Looijenga-Bittner [Bi], because 
this is first the case in ri*(X') (3^^ Z[y, y~^] by the isomorphism for smooth 
pure-dimensional spaces. Note that commutes with projective pushdown so 
that this case follows from the existence of the motivic Chern class transforma- 
tion mC* . Applying the group homomorphism gives us then the relation (bl) 
also in n^{X) ^j^^ Z[y,y~^]. By functoriality of pushdown it is also clear that 
mCl commutes with projective pushdown! Similarly, corollary 13. II implies the 
corresponding properties 1. and 2. also for mC'^. 

We now explain a more intrinsic description of the normalization condition 
for the motivic Cherm class transformation mC'^, which allows us to formulate 
also the corresponding Verdier Riemann-Roch formula for mC^ . For this we use 
the description of higher Chern classes in 

Go{X) (g> Z[y, ~ Ko{X) ® Z[y, y-'] 

for X smooth and pure-dimensional in terms of the 7-operation [FLL ISGA6 | . 
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Let us first recall that higher Chern classes for vector bundles are defined 
in the context of an oriented Borel-Moore weak homology theory A^, following 
the method of Grothendieck by using the projective bundle theorem (PB). For 
a vector bundle E over X there exist unique homomorphisms 

c^iE) : A^X) A,^,{X) i^O,...,rkE, 

with Cq{E) = 1, and satisfying the equation (in the cndomorphism ring of 

Mnm-. 

rk E 

(-1)' • c^{E) ■ c^iOiW = 0. (20) 

i=0 

Here we omit as usual in (|2(J|) the puUback of Ci{E) to ^,(P(£')). By definition 

c^{E) for i>rk E. 

Note that a transformation of oriented Borel-Moore weak homology theories 
(like w*) is compatible with these higher Chern class operations. Consider the 
total 7-class transformation jFLI ISCrABj 

oo 

4=0 

Then one has for a vector bundle E over X the well known relation f |SGA6[ 
eq.(1.13.1),p.379]) 

rk E 

Y{E* -rkE)-{l- Oiiyy'' = (21) 

1=0 

in ifo(IP(-B)). And this implies the following formula for the higher Chern classes 
of E in the oriented Borel-Moore weak homology theory Gq{X) Z[y, y~^]: 

h{E) = (-1)' • f{E* - rk E) ■ y-' (22) 

as a multiplication operator. 

Remark 5.1. Note that this definition of higher Chern classes fits with the 
usual definition of higher Chern classes on K^{X) with values in the graded 
ring gr*K^{X) associated to the 7-filtration on K^{X) C lFTllSGAei ): 

gr\-l\E - rk E) =: c,{E) = {-IfcAE*) - gr\{i,{E){y = 1)) . 

Since the normalization condition for our motivic Chern class transformation 
mC was given in terms of the total A-class XyT* X of the cotangent bundle, we 
also have to express this A-class in terms of the corresponding 7-classes and 
higher Chern classes. Here one can use the relation f |FL[ prop. 1.1 (a), p. 48]) 

rk E rk E 

Y 1"^ ^~\E* -rkE)-{l + yY = ^ A"^*^ '^-'{E*) ■ y' , 

z=0 i=0 
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and gets 

^rk E — j 



y{E*) = J2 iKE* - rk E) 
In terms of higher Chern classes this gives 



rk E - i 



j=0 ^ ^ 



Altogether we get the following reformulation of the normalization condition for 
our motivic Chern class transformation mC*: 

ma(Nx]) = cj{TX) ■ (^^-■^■) . i-yy^ . y-'^j . [X] 



d-J 

d — i 



(23) 



HE E(-i) 

=: ~Xy{T*X) ■ [X] G Go{X)®Z[y,y-'] 

for X smooth and pure d-dimensional. Here [X] = k*lpi = [Ox]y'^ G Go{X)y'^ 
is the 'fundamental class' of X (with k : X ^ pt a, constant map) with respect 
to the oriented Borel-Moore weak homology theory Go{X) (g) Z[y, y~^]. 



Remark 5.2. Wc sec in particular, that the normalization condition for the 
motivic Chern class transformation mC* is not (!) of the simple form 

maiiidx]) = (j2 ~^jiTX)^ • [X] 

as it is for the Chern-Schwartz-MacPherson class transformation c*. We have 
to weight Cj{TX) {j = 0, . . . ,d) by the factor 

E(-i)'-(dI-)-y'^'"'e^[2/'2'"']- 

This is related to the fact that the formal group law Fq is the multiplicative, and 
not the additive formal group law. So we have to distinguish between A-classes 

and 7-classcs. Of course, this is not necessary for the usual definition of higher 
Chern classes on K'^{X) with values in the graded ring gr*K°{X) associated to 
the 7-filtration on K°{X): 

Ci{E) = i-iyciiE*) = {-iygrW{E* -rk E) = {-ly grl^X\E*) . 
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The right hand side of equation (|23l) makes perfectly sense in 

17,(X)®iL,Z[y,y-i] 

and can be used as a definition of the total Aj^-class of the cotangent bundle (or 
any other vector bundle with d := rk E) in such a way that 

u;4~Xy{T*X) -[X])^ \y{T*X) ■ [X\ = \y{[T*X]) n [Ox] ■ 

So we finally get the following 

Theorem 5.1. There exists a unique group homomorphism mC^ commuting 
with pushdown for projective maps: 

mCl : Ko{var/X) ^ fl^X) Z[2/,y^'] , 

satisfying the normalization condition 

mCiiiidx]) =\yiT*X)-[X] 

for X smooth and pure- dimensional. □ 

Corollary 5.1. 1. mC^ is filtration preserving, i/ has 
the filtration coming from its grading. 

2. mC'^ commutes with exterior products. 

3. One has the following Verdier Riemann-Roch formula for f : X' ^ X a 
smooth morphism of constant relative dimension: 

\y{T]) ■ f*mC:i[Z ^ X]) mC'J*{[Z ^ X]) . 

In particular mC'^ commutes with pullback under etale morphisms. □ 
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